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The Boolean Satisfiability (SAT) Problem

Given a propositional logic formula F, is there a satisfying assignment
for 77

(xV2)AN(yV-2)A(zV-yVu)A(—yV-u)
A (uVo)A(—xzV-)A(—uVw)A(mxV-ouV-w)

@ Variables should be set to true or false
e Constraint (z V =y V z): means z or z should be true or y false
@ A means all constraints should hold simultaneously

@ Is there a truth value assignment satisfying all constraints?
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The Boolean Satisfiability (SAT) Problem

Given a propositional logic formula F, is there a satisfying assignment
for 77

(xV2)AN(yV-2)A(zV-yVu)A(—yV-u)
A (uVo)A(—xzV-)A(—uVw)A(mxV-ouV-w)

@ Variables should be set to true or false
e Constraint (z V =y V z): means z or z should be true or y false
@ A means all constraints should hold simultaneously

@ Is there a truth value assignment satisfying all constraints?

Can we use computers to solve this problem efficiently?
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The Same Problem in Three Different Shapes

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)
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The Same Problem in Three Different Shapes

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

(1—a)(1-2) =
(1-— )2—0
(1—z)y(l —u) =
yu:O
(I-u)(l-v)=0
zv =0
u(l—w)=0
zuw =0

For true = 1 and false = 0, is there a {0, 1}-valued solution?
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The Same Problem in Three Different Shapes

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

l—z—2z422=0

z—yz=20

y—zy —yu+axyu =20
yu =0
l-u—-—v4+uv=0
zv =20

u—uw =0

xuw =0

For true = 1 and false = 0, is there a {0, 1}-valued solution?
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The Same Problem in Three Different Shapes

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

l—z—2z422=0 r+z>1
z—yz=0 y+(1—2)>1

y—axy —yu+zyu =0 r+(1—-y)+u>1
yu =0 l-y)+(1-u)>1
l—u—v4+uv=0 u+v>1
zv =0 l-z)+(1-v)>1

u—uw =0 l-u)+w>1

ruw =0 l-z)+1-uw)+(1-w)>1

For true = 1 and false = 0, is there a {0, 1}-valued solution?
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The Same Problem in Three Different Shapes

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

l—z—2z422=0 T+2z>1
z—yz=20 y—22>0

y—zy —yu+axyu =20 rT—y+u>0
yu =0 —y—u=>-—1
l—u—v4+uv=0 u+v>1
zv =20 —xr—v>-—1

u—uw =20 —u+w>0

zuw = 0 —r—u—w>—2

For true = 1 and false = 0, is there a {0, 1}-valued solution?

Jakob Nordstrom (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 3/53



Solving SAT in Theory and Practice

(]

(]

Problem mentioned in Godel's letter in 1956 to von Neumann
Topic of intense research in computer science ever since 1960s
NP-complete, so probably very hard worst case [Coo71, Lev73]

But enormous progress last 20-25 years on conflict-driven clause
learning (CDCL) SAT solvers [BS97, MS99, MMZ*01]

Today large-scale real-world problems with hundreds of
thousands or millions of variables solved routinely

But. .. There are also small formulas (just ~100 variables) that
are completely beyond reach for even the very best SAT solvers
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NP-complete, so probably very hard worst case [Coo71, Lev73]
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But enormous progress last 20-25 years on conflict-driven clause
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Today large-scale real-world problems with hundreds of
thousands or millions of variables solved routinely

@ But... There are also small formulas (just ~100 variables) that
are completely beyond reach for even the very best SAT solvers

How can we rigorously analyse SAT solving algorithms?
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Solving SAT in Theory and Practice

Problem mentioned in Godel's letter in 1956 to von Neumann

Topic of intense research in computer science ever since 1960s

NP-complete, so probably very hard worst case [Coo71, Lev73]

(]

But enormous progress last 20-25 years on conflict-driven clause
learning (CDCL) SAT solvers [BS97, MS99, MMZ*01]

(]

Today large-scale real-world problems with hundreds of
thousands or millions of variables solved routinely

@ But... There are also small formulas (just ~100 variables) that
are completely beyond reach for even the very best SAT solvers

How can we rigorously analyse SAT solving algorithms?
This talk: Use proof complexity (not only conceivable answer)
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Algorithmic View of Proof Complexity

For any algorithm deciding satisfiability formula F', describe which
rules of reasoning it uses
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rules of reasoning it uses

View this method of reasoning as formal proof system, with each
single step efficiently verifiable
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Algorithmic View of Proof Complexity

For any algorithm deciding satisfiability formula F', describe which
rules of reasoning it uses

View this method of reasoning as formal proof system, with each
single step efficiently verifiable

Efficiency of algorithm splits into two questions:
@ Is there a short proof deciding F' using rules in this proof system?

@ Can short proofs in the proof system be found efficiently?
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Algorithmic View of Proof Complexity

For any algorithm deciding satisfiability formula F', describe which
rules of reasoning it uses

View this method of reasoning as formal proof system, with each
single step efficiently verifiable

Efficiency of algorithm splits into two questions:
@ Is there a short proof deciding F' using rules in this proof system?

@ Can short proofs in the proof system be found efficiently?

Focus of this talk: Question 1 for different proof systems/algorithms
Study unsatisfiable formulas — proof of satisfiability easy
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Outline

o DPLL, CDCL, and Resolution
@ Davis-Putnam-Logemann-Loveland (DPLL) Method
@ Conflict-Driven Clause Learning (CDCL)
@ Resolution Proof System

© Algebraic and Semi-algebraic Approaches
@ Nullstellensatz
@ Polynomial Calculus and Grobner Bases
o Cutting Planes and Pseudo-Boolean Solving

© Some Proof Systems We Won't Have Time for
@ Sherali-Adams and Sums of Squares
@ Stabbing Planes
o Extended Resolution
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DPLL, CDCL, and Resolution

Formal Description of SAT Problem

e Variable x: takes value true (= 1) or false (= 0)
o Literal ¢: variable x or its negation T (write T instead of —x)

o Clause C = /{1 V ---V £y disjunction of literals
(Consider as sets, so no repetitions and order irrelevant)

@ Conjunctive normal form (CNF) formula FF'=Ci A--- A Cpy:
conjunction of clauses

The SATISFIABILITY (or just SAT) Problem

Given a CNF formula F, is it satisfiable?
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DPLL, CDCL, and Resolution DPLL) Method
i )CL)

Formal Description of SAT Problem

e Variable x: takes value true (= 1) or false (= 0)
o Literal ¢: variable x or its negation T (write T instead of —x)

o Clause C = /{1 V ---V £y disjunction of literals
(Consider as sets, so no repetitions and order irrelevant)

@ Conjunctive normal form (CNF) formula FF'=Ci A--- A Cpy:
conjunction of clauses

The SATISFIABILITY (or just SAT) Problem

Given a CNF formula F, is it satisfiable?

For instance, what about our example formula?
(xV2Z)AN(YyVZ)A(xVGVu)A(yVa)
AuVo)AN@VO)A@Vw)A(TVaVwo)
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n-Loveland (DPLL) Method
earning (CDCL)

The foundation of state-of-the-art SAT solvers is the DPLL method
developed by Davis, Putnam, Logemann & Loveland [DP60, DLL62]
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DPLL, CDCL, and Resolution Davns Putnam—Logemann Loveland (DPLL) Method
D

ause Learning (CDCL)

DPLL: Attempting Smart Case Analysis

The foundation of state-of-the-art SAT solvers is the DPLL method
developed by Davis, Putnam, Logemann & Loveland [DP60, DLL62]

DPLL (somewhat simplified description)

Q If F contains empty clause (without literals), report
“unsatisfiable” and return — refer to as conflict
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DPLL, CDCL, and Resolution Davns Putnam—Logemann Loveland (DPLL) Method
D

ause Learning (CDCL)

DPLL: Attempting Smart Case Analysis

The foundation of state-of-the-art SAT solvers is the DPLL method
developed by Davis, Putnam, Logemann & Loveland [DP60, DLL62]

DPLL (somewhat simplified description)

Q If F contains empty clause (without literals), report
“unsatisfiable” and return — refer to as conflict

@ If F' contains no clauses, report “satisfiable” and terminate
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DPLL, CDCL, and Resolution Davns Putnam—Logemann Loveland (DPLL) Method
D

ause Learning (CDCL)

DPLL: Attempting Smart Case Analysis

The foundation of state-of-the-art SAT solvers is the DPLL method
developed by Davis, Putnam, Logemann & Loveland [DP60, DLL62]

DPLL (somewhat simplified description)

Q If F contains empty clause (without literals), report
“unsatisfiable” and return — refer to as conflict

@ If F' contains no clauses, report “satisfiable” and terminate

© Otherwise pick some variable z in F’

Jakob Nordstrém (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 8/53
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D
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DPLL: Attempting Smart Case Analysis

The foundation of state-of-the-art SAT solvers is the DPLL method
developed by Davis, Putnam, Logemann & Loveland [DP60, DLL62]

DPLL (somewhat simplified description)

Q If F contains empty clause (without literals), report
“unsatisfiable” and return — refer to as conflict

@ If F' contains no clauses, report “satisfiable” and terminate
© Otherwise pick some variable z in F’

Q@ Set x = 0, simplify F' and make recursive call
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DPLL, CDCL, and Resolution Davis-P -Logemann-Loveland (DPLL) Method
Conflict- se Learning (CDCL)
Resolutio tem

DPLL: Attempting Smart Case Analysis

The foundation of state-of-the-art SAT solvers is the DPLL method
developed by Davis, Putnam, Logemann & Loveland [DP60, DLL62]

DPLL (somewhat simplified description)

Q If F contains empty clause (without literals), report
“unsatisfiable” and return — refer to as conflict

@ If F' contains no clauses, report “satisfiable” and terminate
© Otherwise pick some variable z in F’
Q@ Set x = 0, simplify F' and make recursive call

© Set x =1, simplify F' and make recursive call
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DPLL, CDCL, and Resolution Davns Putnam—Logemann Loveland (DPLL) Method
D
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DPLL: Attempting Smart Case Analysis

The foundation of state-of-the-art SAT solvers is the DPLL method
developed by Davis, Putnam, Logemann & Loveland [DP60, DLL62]

DPLL (somewhat simplified description)

Q If F contains empty clause (without literals), report
“unsatisfiable” and return — refer to as conflict

@ If F' contains no clauses, report “satisfiable” and terminate
© Otherwise pick some variable z in F’

Q@ Set x = 0, simplify F' and make recursive call

© Set x =1, simplify F' and make recursive call

@ If result in both cases “unsatisfiable”, then report “unsatisfiable”
and return
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DPLL, CDCL, and Resolution Logemann-Loveland (DPLL) Method
Learning (CDCL)

A DPLL Toy Example
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= (zV2)AyVZIA(xVYVu)A(T V u)
ANuVo)A@Z Vo)A@V w)A@TVuVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)
“Simplify formula” by (mentally) removing

@ satisfied clauses

o falsified literals
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A DPLL Toy Example

F= (zV2)AyVZIA(xVYVu)A(T V u)
ANuVo)A@Z Vo)A@V w)A@TVuVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)
“Simplify formula” by (mentally) removing

@ satisfied clauses

o falsified literals

®
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
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A DPLL Toy Example

F= ( 29Ny VvIHAN( VUGV
ANuVuo)A@ Vo)A@V w) AT VauVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)
“Simplify formula” by (mentally) removing

@ satisfied clauses

o falsified literals

O
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
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A DPLL Toy Example

F= ( 29/ 2N yVuA(y V)
ANuVuo)A@ Vo)A@V w) AT VauVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)
“Simplify formula” by (mentally) removing

@ satisfied clauses

o falsified literals
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= (zVz)A( 2N yVu Ay Va)
ANuVuo)A@ Vo)A@V w) AT VauVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)
“Simplify formula” by (mentally) removing

@ satisfied clauses

o falsified literals

0
TVz
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= " 29Ny VAAAN( GVuA(y V)
ANuVuo)A@ Vo)A@V w) AT VauVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV z yVz
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= ( 2)AVz)A( wAN( )
ANuVuo)A@ Vo)A@V w) AT VauVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

rVz yVzZ
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= ( Ay V2OA(@VgVuA( )
A ( V)AN(@T VO)A(uV w)A (T VuVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV z yVvVz xVyVu
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= ( 2)A@yVEA( u) A (7 V )
A (u Vo)A@ Vo)A( w) A (T V w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV z yVvVz xVyVu yVu
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DPLL, CDCL, and Resolution Logemann- Loveland (DPLL) Method
Le: g (CDCL)

A DPLL Toy Example

F= (xvz))AyVZIA(xVy Vu) AV a)
A (u VvV u)A( U)A (T VvV w)A( uV w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV z yVz xVyVu yVvu
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A DPLL Toy Example
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A ( v) A ( )N (u VvV w)A( u V w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= (xV2)A(yVZIA(zVY YA (Y V )
A (u VvV u)A( )N (u VvV w)A( u V w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV z yVz xVyVu yVvu u Vv
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= (xV2)A(yVZIA(zVY YA (Y V )
A ( V)N (T VO)A(u VvV w)A( u V w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV z yVz xVyVu yVvu uV v TVU
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DPLL, CDCL, and Resolution Logemann-Loveland (DPLL) Method
Learning (CDCL)

A DPLL Toy Example

F= (xvz2))AlyVZIA(xVy Vu)A(y V)
A (u VvV o)A( v) A ( w) A ( w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

@ satisfied clauses
o falsified literals

TV 2z yVz xVyVu yVu uVu TV
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= (xvz2))AlyVZIA(xVy Vu)A(y V)
A (u VvV u)A( )N (u VvV ow)A( w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

@ satisfied clauses
o falsified literals

TV 2z yVz xVyVu yVu uVu TV uVuw
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DPLL, CDCL, and Resolution i n-Loveland (DPLL) Method
earning (CDCL)

A DPLL Toy Example

F= (xvz2))AlyVZIA(xVy Vu)A(y V)
A (u VvV u)A( v) A ( w)A (T V u VvV w)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV 2z yVz xVyVu yvu uVou VY uVw zVuVw
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DPLL, CDCL, and Resolution Logemann-Loveland (DPLL) Method
Learning (CDCL)

A DPLL Toy Example

F= (zV2)AyVZIA(xVYVu)A(T V u)
ANuVo)A@Z Vo)A@V w)A@TVuVw)

Visualize execution of DPLL algorithm as search tree

Pick variables in internal nodes; terminate in leaves when falsified
clause found (i.e., when conflict reached)

“Simplify formula” by (mentally) removing

o satisfied clauses
o falsified literals

TV z yVz xVyVu yVu uVu TVU uVw TVuVw
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DPLL, CDCL, and Resolution

Many more ingredients in modern conflict-driven clause learning
(CDCL) SAT solvers (as pioneered in [BS97, MS99, MMZ*01]), e.g.:

@ Branching or decision heuristic (choice of pivot variables crucial)

@ When reaching leaf, compute explanation for conflict
and add to formula as new clause (clause learning)

e Every once in a while, restart from beginning (but save
computed info)

Let us briefly discuss some of these ingredients
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DPLL, CDCL, and Resolution

Variable Assignment Heuristics

Unit propagation
@ Suppose current assignment p falsifies all literals in
C =101 VIlyV--- VL except one (say {;) — C'is unit under p

@ Then /; has to be true, so set it to true
@ Known as unit progagation or Boolean constraint progagation

o Always propagate if possible — in modern solvers aim for 99% of
assignments being unit propagations
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DPLL, CDCL, and Resolution

Variable Assignment Heuristics

Unit propagation
@ Suppose current assignment p falsifies all literals in
C =101 VIlyV--- VL except one (say {;) — C'is unit under p

@ Then /; has to be true, so set it to true
@ Known as unit progagation or Boolean constraint progagation

o Always propagate if possible — in modern solvers aim for 99% of
assignments being unit propagations

VSIDS (Variable state independent decaying sum)

@ When backtracking, score +1 for variables “causing conflict”

@ Also multiply all scores with factor k < 1 — exponential filter
rewarding variables involved in recent conflicts

@ When no propagations, decide on variable with highest score
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DPLL, CDCL, and Resolution Davis-Putnam-L a
Conflict-Driven Clause Learmng (CDCL)
S te

solution

Clause Learning

@ At conflict, want to add clause avoiding same part of search tree
being explored again
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DPLL, CDCL, and Resolution Davis-Putnam-L a
Conflict-Driven Clause Learmng (CDCL)
S te

solution

Clause Learning

@ At conflict, want to add clause avoiding same part of search tree
being explored again
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DPLL, CDCL, and Resolution Davis-Putnam- ann-Loveland (DPLL) Method
onflict-Dri Clause Learning (CDCL)

Resolution Pro /stem

Clause Learning

@ At conflict, want to add clause avoiding same part of search tree
being explored again

Suppose we can compute that decisions x =1, y =0, z =1
responsible for conflict

Then can add 7 V y V Z to avoid these decisions being made
again — decision learning scheme

In practice, more advanced learning schemes

@ Derive new clause from clauses unit propagating on the way to
conflict
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Conflict-Driven Clause Learning (CDCL)

Resolution Pro stem

Decisions, Unit Propagations, and Conflict

Two kinds of assignments — illustrate on example formula:
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)
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Resolution Pro stem

Decisions, Unit Propagations, and Conflict

Two kinds of assignments — illustrate on example formula:
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

Decision
Free choice to assign value to variable

Notation p 49
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Decisions, Unit Propagations, and Conflict

Two kinds of assignments — illustrate on example formula:
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d . .
=0 Decision

Free choice to assign value to variable
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Notation p 49
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DPLL, CDCL, and Resolution

Decisions, Unit Propagations, and Conflict

Two kinds of assignments — illustrate on example formula:
(PVA)A(GVPIAFVW)A(uVTVYA(EVTVIAEVIAGVZAETVE)AGV)
d . .
=0 Decision

Free choice to assign value to variable

b

Notation p 49

Unit propagation
Forced choice to avoid falsifying clause
Given p = 0, clause p V u forces u =0

. pVi .
Notation u "="0 (p V @ is reason clause)
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Notation p 49
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Two kinds of assignments — illustrate on example formula:
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

p=0 Decision
L PV Free choice to assign value to variable
Lo
. d
R Notation p =0

Unit propagation
Forced choice to avoid falsifying clause
Given p = 0, clause p V u forces u =0

. PV .
Notation u "="0 (p V @ is reason clause)

Always propagate if possible, else decide
Add to assignment trail

Until satisfying assignment or conflict
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Two kinds of assignments — illustrate on example formula:
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Decision

Free choice to assign value to variable
Notation p 49

Unit propagation

Forced choice to avoid falsifying clause
Given p = 0, clause p V u forces u =0
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Two kinds of assignments — illustrate on example formula:
(PVA)A(GVT)ATFVW)AuVZVY)A@VYV2)AEV2)AGVZ)AETVZE)A(PVa)

Jakob Nordstrom (UCPH & LU)

Decision
Free choice to assign value to variable

Notation p 49

Unit propagation
Forced choice to avoid falsifying clause
Given p = 0, clause p V u forces u =0

. pVi .
Notation u "="0 (p V @ is reason clause)

Always propagate if possible, else decide
Add to assignment trail

Until satisfying assignment or conflict
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Two kinds of assignments — illustrate on example formula:
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

decision
level 1

decision
level 2

decision
level 3

Jakob Nordstrom (UCPH & LU)

Decision
Free choice to assign value to variable

Notation p 49

Unit propagation
Forced choice to avoid falsifying clause
Given p = 0, clause p V u forces u =0

. pVi .
Notation u "="0 (p V @ is reason clause)

Always propagate if possible, else decide
Add to assignment trail

Until satisfying assignment or conflict

Proof Complexity and SAT Solving Oct 10, 2022 13/53
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onflict-Dri Clause Learning (CDCL)

Resolution Pro

Conflict Analysis

Time to analyse this conflict and learn from it!
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

decision
level 1

decision
level 2

decision
level 3
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Resolution Pro

Conflict Analysis

Time to analyse this conflict and learn from it!
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

decision  Could backtrack by removing last decision
level 1 level & flipping last decision

decision
level 2

decision
level 3
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DPLL, CDCL, and Resolution Davis-Putnam-Logemann-Loveland (DPLL) Method
Conflict-Driven Clause Learning (CDCL)

Conflict Analysis

Resolution Pro

Time to analyse this conflict and learn from it!
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

decision
level 1

decision
level 2

decision
level 3

Jakob Nordstrom (UCPH & LU)

Could backtrack by removing last decision
level & flipping last decision

But want to learn from conflict and cut away
as much of search space as possible
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DPLL, CDCL, and Resolution Davis-Putnam-Logemann-Loveland (DPLL) Method
Conflict-Driven Clause Learmng (CDCL)

Resolution Pro

Conflict Analysis

Time to analyse this conflict and learn from it!
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

Could backtrack by removing last decision
level & flipping last decision

But want to learn from conflict and cut away
______ as much of search space as possible
= Case analysis over z for last two clauses:
e xVyVzwants z =1

@ yVzwants z=0

@ Resolve clauses by merging them &
removing z — must satisfy = V7
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DPLL, CDCL, and Resolution Davis-Putnam-Logemann-Loveland (DPLL) Method
Conflict-Driven Clause Learmng (CDCL)

Resolution Pro

Conflict Analysis

Time to analyse this conflict and learn from it!
(pVA)A(GVT)ANTFVW)AuVVy)AVYV2)AETV2)AGVZ)AETVZE)A(PVa)

Could backtrack by removing last decision
level & flipping last decision

But want to learn from conflict and cut away
as much of search space as possible

Case analysis over z for last two clauses:
e xVyVzwants z =1
@ yVzwants z=0
@ Resolve clauses by merging them &

removing z — must satisfy = V7

Repeat until UIP clause with only 1 variable

after last decision — learn and backjump
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Conflict-Driven Clause Learning (CDCL)

Resolution Pro

Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates
(PVB)A(QVI)AFVW)A(uVTVYA(EVGVIAEVIAGVYZAETVE)AGV)

Jakob Nordstrom (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 15/53



DPLL, CDCL, and Resolution Davis-Putnam-Logemann-Loveland (DPLL) Method
Conflict-Driven Clause Learning (CDCL)

Resolution Pro

Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates
(PVB)A(QVI)AFVW)A(uVTVYA(EVGVIAEVIAGVYZAETVE)AGV)

Assertion level 1 (max for non-UIP literal in
learned clause) — keep trail to that level
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DPLL, CDCL, and Resolution

Davis-Putnam-Logemann-Loveland (DPLL) Method
Conflict-Driven Clause Learning (CDCL)

Resolution Pro

Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates

(pVa)A(gVT)AFVWAUVTVY)AEVGV2)AEV2)AGVEA(TVE)AGV D)

Assertion level 1 (max for non-UIP literal in
learned clause) — keep trail to that level

Now UIP literal guaranteed to flip (assert) —
but this is a propagation, not a decision

Jakob Nordstrom (UCPH & LU)
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DPLL, CDCL, and Resolution Davis-Putnam-Logemann-Loveland (DPLL) Method
Conflict-Driven Clause Learning (CDCL)

Resolution Pro

Complete Example of CDCL Execution

Backjump: undo max #decisions while learned clause propagates
(PVB)AQVPI)AFVW)A(uVTVYA(EVGVIAETVIAGVYZIAETVE)AGV)

Assertion level 1 (max for non-UIP literal in
learned clause) — keep trail to that level

Now UIP literal guaranteed to flip (assert) —
but this is a propagation, not a decision

Then continue as before. . .
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DPLL, CDCL, and Resolution

SAT Solver Analysis and the Resolution Proof System

How to make rigorous analysis of SAT solver performance?
Many intricate, hard-to-understand heuristics
So focus instead on underlying method of reasoning
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DPLL, CDCL, and Resolution DPLL) Method
(CDCL)

SAT Solver Analysis and the Resolution Proof System

How to make rigorous analysis of SAT solver performance?
Many intricate, hard-to-understand heuristics
So focus instead on underlying method of reasoning

Resolution proof system [Bla37, Rob65]
e Start with clauses of CNF formula (axioms)
@ Derive new clauses by resolution rule

CiVvz CyVvzT
C1 Vv Cy
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DPLL, CDCL, and Resolution - a (DPLL) Method
(CDCL)

Resolution Proofs by Contradction

Resolution rule:
Ci Ve CoVvzT

C1V Oy

Observation

If F' is a satisfiable CNF formula and D is derived from clauses
D1, Dy € F by the resolution rule, then F' A D is satisfiable.
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DPLL, CDCL, and Resolution Davis-Putnam- = DPLL) Method
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Resolution Proof System

Resolution Proofs by Contradction

Resolution rule:
Ci Ve CoVvzT

C1V Oy

Observation

If F' is a satisfiable CNF formula and D is derived from clauses
D1, Dy € F by the resolution rule, then F' A D is satisfiable.

So can prove F unsatisfiable by deriving the unsatisfiable empty
clause (denoted L) from F' by resolution
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DPLL, CDCL, and Resolution Davis-Putnam- = DPLL) Method
Conflict-Drix JCL)
Resolution Proof System

Resolution Proofs by Contradction

Resolution rule:
Ci Ve CoVvzT

C1V Oy

Observation

If F' is a satisfiable CNF formula and D is derived from clauses
D1, Dy € F by the resolution rule, then F' A D is satisfiable.

So can prove F unsatisfiable by deriving the unsatisfiable empty
clause (denoted L) from F' by resolution

Such proof by contradiction also called resolution refutation
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DPLL, CDCL, and Resolution av am- { (DPLL) Method
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DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof
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DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again
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DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again

Cive (CyVzT

and apply resolution rule oA bottom-up
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DPLL, CDCL, and Resolution

DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again

Tz Vy

/X

0
rVz yvVZ xVyVu yVvVu u Vv Vv uVw zVuVw

Cive (CyVzT

and apply resolution rule oA bottom-up
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DPLL, CDCL, and Resolution

DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again

Tz Vy zVYy TVu 0 1
/N /N /N
TVz yvVzZz xVyVu yvVu uVo Vv uVw zVuvVw

Cive (CyVzT

and apply resolution rule oA bottom-up

Jakob Nordstrom (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 18/53



DPLL, CDCL, and Resolution

DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again

xVy TVYy TVu TVu
/N AN AN A
TV z yVz xVyVu yVvu uVo Vv uVw zVuVw
H Ci1vxz  CoVzT
and apply resolution rule =-2—=2"% bottom-up

C1VvCs
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DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again

Cive (CyVzT

and apply resolution rule oA bottom-up
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DPLL, CDCL, and Resolution

DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again

xVy TVYy TVu TVu
/N AN N N
zVz yVz xVyVu yVvu u Vv VU uVw zVuVw

H Ci1vxz  CoVzT
and apply resolution rule ooy bottom-up
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DPLL, CDCL, and Resolution

DPLL and Resolution Proofs

A DPLL execution is essentially a resolution proof

Look at our example again

xVy TVYy TVu TVu
/N /N /N A
TV z yVz xVyVu yVvu u Vv VU uVw zVuVw

H Ci1vxz  CoVzT
and apply resolution rule ooy bottom-up

Oct 10, 2022 18/53
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DPLL, CDCL, and Resolution
( ven Clause Learn
Resolution Proof System

DPLL Running Time and Tree-Like Resolution Proof Size

@ Can extract resolution proof from any DPLL execution
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DPLL, CDCL, and Resolution

DPLL Running Time and Tree-Like Resolution Proof Size

@ Can extract resolution proof from any DPLL execution

@ Requires an argument, of course, but not too hard to show
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DPLL, CDCL, and Resolution

DPLL Running Time and Tree-Like Resolution Proof Size

@ Can extract resolution proof from any DPLL execution
@ Requires an argument, of course, but not too hard to show

@ Such proof is tree-like — every derived clause used only once
(to use a clause twice, we have to derive it twice from scratch)

Oct 10, 2022 19/53

Proof Complexity and SAT Solving

Jakob Nordstrém (UCPH & LU)



DPLL, CDCL, and Resolution

@ Can extract resolution proof from any DPLL execution

@ Requires an argument, of course, but not too hard to show

Such proof is tree-like — every derived clause used only once
(to use a clause twice, we have to derive it twice from scratch)

Hence, lower bounds on tree-like proof size in resolution =
lower bounds on DPLL running time
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DPLL, CDCL, and Resolution

@ Can extract resolution proof from any DPLL execution

@ Requires an argument, of course, but not too hard to show

Such proof is tree-like — every derived clause used only once
(to use a clause twice, we have to derive it twice from scratch)

Hence, lower bounds on tree-like proof size in resolution =
lower bounds on DPLL running time

Conflict-driven clause learning adds “shortcut edges” in tree, but
still yields resolution proof
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DPLL, CDCL, and Resolution
Conflict-Dri
Resolution

CDCL and Resolution Proofs

Obtain resolution proof. . .
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CDCL and Resolution Proofs

Obtain resolution proof from our example CDCL execution by
stringing together conflict analyses:
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CDCL and Resolution Proofs

Obtain resolution proof from our example CDCL execution by
stringing together conflict analyses:
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DPLL, CDCL, and Resolution

CDCL Running Time and General Resolution Proof Size

@ Can extract general resolution proof (DAG-like, not tree-like)
from CDCL execution
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CDCL Running Time and General Resolution Proof Size

@ Can extract general resolution proof (DAG-like, not tree-like)
from CDCL execution

@ Again requires an argument, but you have seen enough in this
presentation to be able to fill in the required details. . .
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CDCL Running Time and General Resolution Proof Size

@ Can extract general resolution proof (DAG-like, not tree-like)
from CDCL execution

@ Again requires an argument, but you have seen enough in this
presentation to be able to fill in the required details. . .

@ This holds even for CDCL solvers with sophisticated heuristics
and optimizations that we have not discussed*

Jakob Nordstrém (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 21/53



DPLL, CDCL, and Resolution Davis-Putnam- = DPLL) Method
Conflict-Drix JCL)
Resolution Proof System

CDCL Running Time and General Resolution Proof Size

@ Can extract general resolution proof (DAG-like, not tree-like)
from CDCL execution

@ Again requires an argument, but you have seen enough in this
presentation to be able to fill in the required details. . .

@ This holds even for CDCL solvers with sophisticated heuristics
and optimizations that we have not discussed*

@ Hence, lower bounds on resolution proof size =
lower bounds on CDCL running time
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DPLL, CDCL, and Resolution Davis-Putnam- = DPLL) Method
Conflict-Drix JCL)
Resolution Proof System

CDCL Running Time and General Resolution Proof Size

@ Can extract general resolution proof (DAG-like, not tree-like)
from CDCL execution

@ Again requires an argument, but you have seen enough in this
presentation to be able to fill in the required details. . .

@ This holds even for CDCL solvers with sophisticated heuristics
and optimizations that we have not discussed*

@ Hence, lower bounds on resolution proof size =
lower bounds on CDCL running time

@ Lower (and upper) bounds for different methods of reasoning
about propositional logic formulas studied in proof complexity
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DPLL, CDCL, and Resolution DPLL) Method
(CDCL)

@ Can extract general resolution proof (DAG-like, not tree-like)
from CDCL execution

@ Again requires an argument, but you have seen enough in this
presentation to be able to fill in the required details. . .

@ This holds even for CDCL solvers with sophisticated heuristics
and optimizations that we have not discussed*

@ Hence, lower bounds on resolution proof size =
lower bounds on CDCL running time

@ Lower (and upper) bounds for different methods of reasoning
about propositional logic formulas studied in proof complexity

(*) Except for some preprocessing techniques, which is an important omission, but

this gets complicated and we don't have time to go into details. . .
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Current State of Affairs in SAT Solving

@ State-of-the-art CDCL solvers often perform amazingly well
("SAT is easy in practice”)
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Current State of Affairs in SAT Solving

@ State-of-the-art CDCL solvers often perform amazingly well
("SAT is easy in practice”)

@ Very poor theoretical understanding:

e Why do heuristics work?
o Why are applied instances easy?
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DPLL, CDCL, and Resolution Davis-Putnam-Lo d (DPLL) Method
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Resolution Proof System

Current State of Affairs in SAT Solving

@ State-of-the-art CDCL solvers often perform amazingly well
("SAT is easy in practice”)

@ Very poor theoretical understanding:

e Why do heuristics work?
o Why are applied instances easy?

@ Paradox: resolution quite weak proof system; many strong proof
complexity lower bounds for (seemingly) “obvious” formulas
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DPLL, CDCL, and Resolution

Examples of Hard Formulas For Resolution (1/3)

Pigeonhole principle (PHP) formulas [Hak85]
“n + 1 pigeons don't fit into n holes”
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DPLL, CDCL, and Resolution Davis-Putnam-Lo d (DPLL) Method
Conflict-Driven Lez )CL)
Resolution Proof System

Examples of Hard Formulas For Resolution (1/3)

Pigeonhole principle (PHP) formulas [Hak85]
“n + 1 pigeons don't fit into n holes”

Variables p; ; = “pigeon i — hole j"; 1 <i<n+1;1<j<n

Pi1Vpi2V--VDin every pigeon ¢ gets a hole
Pij VD no hole j gets two pigeons i # i’

Can also add “functionality” and “onto" axioms

Pi; VDiy no pigeon i gets two holes j # j’
P1,; VP2, V-V Dnt1,j every hole j gets a pigeon
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DPLL, CDCL, and Resolution

Examples of Hard Formulas For Resolution (1/3)

Pigeonhole principle (PHP) formulas [Hak85]
“n + 1 pigeons don't fit into n holes”

Variables p; ; = “pigeon i — hole j"; 1 <i<n+1;1<j<n

Pi1Vpi2V--VDin every pigeon ¢ gets a hole
Pij VD no hole j gets two pigeons i # i’

Can also add “functionality” and “onto" axioms

Pi; VDiy no pigeon i gets two holes j # j’
P1,; VP2, V-V Dnt1,j every hole j gets a pigeon
Even onto functional PHP hard — “resolution cannot count”

Resolution proof requires exp((n)) = exp(Q(V/N)) clauses
(measured in terms of formula size N)
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Examples of Hard Formulas For Resolution (2/

Tseitin formulas [Urq87]
“Sum of degrees of vertices in graph is even”
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DPLL, CDCL, and Resolution Davis-Putnam- = DPLL) Method
Conflict-Drix JCL)
Resolution Proof System

Examples of Hard Formulas For Resolution (2/3)

Tseitin formulas [Urq87]
“Sum of degrees of vertices in graph is even”
Variables = edges (in undirected graph of bounded degree)

@ Label every vertex 0/1 so that sum of labels odd
o Write CNF requiring parity of # true incident edges = label
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Examples of Hard Formulas For Resolution (2/3)

Tseitin formulas [Urq87]
“Sum of degrees of vertices in graph is even”
Variables = edges (in undirected graph of bounded degree)

@ Label every vertex 0/1 so that sum of labels odd
o Write CNF requiring parity of # true incident edges = label

(uVx) A (yV7Z)
A (TVvT) ATV =2)
A (wVaVy) A(uVwVz)
A (wVZV7Y) A (uVwVZ)
A (WV xV7Y) A (@VwVz)
AN@VTVy) AN@VWV 2)
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DPLL, CDCL, and Resolution a DPLL) Method
§ )CL)

Examples of Hard Formulas For Resolution (2/3)

Tseitin formulas [Urq87]
“Sum of degrees of vertices in graph is even”
Variables = edges (in undirected graph of bounded degree)

@ Label every vertex 0/1 so that sum of labels odd
o Write CNF requiring parity of # true incident edges = label

(uVx) A (yV7Z)
A (TVvT) ATV =2)
A (wVaVy) A(uVwVz)
A (wVZV7Y) A (uVwVZ)
A (WV xV7Y) A (@VwVz)
AN@VTVy) AN@VWV 2)

Requires proof size exp(2(N)) on well-connected so-called expander
graphs — “resolution cannot count mod 2"
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Examples of Hard Formulas for Resolution (3/3)

Random k-CNF formulas [CS88]
An randomly sampled k-clauses over n variables

(A = 4.5 sufficient to get unsatisfiable 3-CNF almost surely)

Again lower bound exp(Q (N))

Oct 10, 2022 25/53
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Conflict-Drive e CDCL)

Examples of Hard Formulas for Resolution (3/3)

Random k-CNF formulas [CS88]
An randomly sampled k-clauses over n variables

(A = 4.5 sufficient to get unsatisfiable 3-CNF almost surely)

Again lower bound exp(Q (N))

And more...

e COLOURING [BCMMO5]
@ Zero-one designs [Spel0, VS10, MN14]
o Et cetera... (See, e.g., [BN21] for overview)
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus a

SAT as System of Polynomial Equations

e Given CNF formula F = A", C;
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomi

e Given CNF formula F = A", C;

@ Translate clauses

to polynomial equations

H(l—.fvi)'ijZO

i€P JEN
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Nullstellensatz
) ial Calculus a

>lanes and Pseudo

e Given CNF formula F = A", C;

@ Translate clauses

to polynomial equations

H(l—.fvi)'ijZO

i€P JEN

@ Add Boolean axioms
2 o
xrj — ;= 0

for all variables
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomi

Hilbert's Nullstellensatz

Consider any system of polynomial equations

pr(x1,...,2n) =0 z%fxlzo
pa(z1,...,2y) =0 x%—m:o
Pm(T1, ..., 2n) =0 a:%—a:nZO

in polynomial ring over field F
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Nullstellensatz
Algebraic and Semi-algebraic Approaches oly ial Calculus and Grobner Bases

Planes and Pseudo-Boolean Solving

Hilbert's Nullstellensatz

Consider any system of polynomial equations

pr(x1,...,2n) =0 1:%730120
pg(azl,...,xn):O x%—xQ:O
Pm(T1, ..., 2n) =0 a:%—a:nZO

in polynomial ring over field F

Hilbert's Nullstellensatz

System infeasible < exist g;,7; € F[z1,...,xy] such that

m

n
Zqi(xl,...,mn) pi(x1, ... xn) —i—er(ml,...,xn) . (:E? =gl =1
j=1

i=ll
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Pol ial Calc

Nullstellensatz refutation of

x?—sz() Jj€n]

is (syntactic) equality

m n

Zqi(xl,...,a:n)‘pi(xl,...,xn)+er(x1,...,xn)-(x?—azj) =1

i=1 j=1
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Nullstellensatz refutation of

x?—sz() Jj€n]

is (syntactic) equality

m n

Zqi(xl,...,a:n)‘pi(xl,...,xn)+er(x1,...,xn)-(x?—azj) =1

i=1 j=1

Complexity measures of refutations:
@ Size: number of monomials (when all polynomials expanded out)

@ Degree: highest total degree of any polynomial
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus a
Cutting Planes and Ps

Nullstellensatz Example (Not Expanded out)

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)
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Nullstellensatz

Algebraic and Semi-algebraic Approaches Polynomial Calculus a
Cutting Planes and Ps

Nullstellensatz Example (Not Expanded out)

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

(1—2)(1-2)
(1—y)z
(1I—-2)y(1 —u)
yu

(1= u)(1-v)
u(l —w)
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus a
Cutting Planes and Ps

Nullstellensatz Example (Not Expanded out)

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

(1—y) (1—2)(1-2)
F - a) (1 -y

+ 1-(1—-2)y(1 —u)
+ (1 —2) yu

+ z-(1—u)(1—v)
+ (1—wu) zv

+ z-u(l —w)

+ 1 zuw
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus a
Cutting Planes and Ps

Nullstellensatz Example (Not Expanded out)

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

(1—y) (1—2)(1-2)
F - a) (1 -y

+ 1-(1—-2)y(1 —u)
+ (1 —2) yu

+ z-(1—u)(1—v)
+ (1—wu) zv

+ z-u(l —w)

+ 1 zuw

= 1
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus a
Cutting Planes and Ps

Nullstellensatz Example (Not Expanded out)

(xV2)A(yV-2)A(xV-yVu)A(—-yV-u)
A (uVo)A(—xV-0)A(—uVw)A(—xV-uV-w)

(I=y)-(I-2)1-2)
+ (I—2)-(1-y)z
+ 1-(1—2)y(1 —u)
+ (1—2) yu Size 27
+ r-(1—u)(1—wv) Degree 3
+ (1 —w)-aw (No use of Boolean axioms)
+ x-u(l —w)
+ 1 zuw
= 1
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus
Cutting Planes and Psel

Nullstellensatz Proof Search

@ Solve linear system of equations with coefficients of
polynomials ¢;, r; as unknowns

@ Used successfully to solve, e.g., graph colouring problems
[DLMMO08, DLMO09, DLMM11]

@ Running time grows exponentially with degree, though
high-degree refutations can be very small [BCIP02, dRMNR21]

Jakob Nordstrom (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 30/53



Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomi

Dual Variables

@ Annoying problem: x1 V x2 V x3 translates to polynomial

(1—.%‘1)(1—1‘2)(1—1’3) =1—x1—x9—x3+T1T2+T1T3+ToT3—T1T2T3
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomi

Dual Variables

@ Annoying problem: x; V xo V x3 translates to polynomial
(1—371)(1—:62)(1—3:3) =1—x1—x9—x3+T1T2+T1T3+ToT3—T1T2T3

@ More generally, exponential blow-up in # positive literals
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Nullstellensatz
Algebraic and Semi-algebraic Approaches ly ial Calculus a
°|lanes and Pseudo

Dual Variables

@ Annoying problem: x; V xo V x3 translates to polynomial
(1—371)(1—:62)(1—3:3) =1—x1—x9—x3+T1T2+T1T3+ToT3—T1T2T3
@ More generally, exponential blow-up in # positive literals

e Fix: introduce dual variables 2} and axioms x; + 2, — 1 =0
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Nullstellensatz
Algebraic and Semi-algebraic Approaches ly ial Calculus a
°|lanes and Pseudo

Dual Variables

@ Annoying problem: x; V xo V x3 translates to polynomial
(I—z1)(1—x2)(1—23) = 1—x1—22—23+T1T2+T1 X3+ T2X3—X1T2T3

@ More generally, exponential blow-up in # positive literals

e Fix: introduce dual variables 2} and axioms x; + 2, — 1 =0

o Translate C'=\/,cp x; V V¢ T; to polynomial equations

HJ;;'ij:O

i€P JEN
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Nullstellensatz
Algebraic and Semi-algebraic Approaches ly ial Calculus a
°|lanes and Pseudo

Dual Variables

@ Annoying problem: x; V xo V x3 translates to polynomial
(I—z1)(1—x2)(1—23) = 1—x1—22—23+T1T2+T1 X3+ T2X3—X1T2T3

@ More generally, exponential blow-up in # positive literals

e Fix: introduce dual variables 2} and axioms x; + 2, — 1 =0

e Translate C' = \/,cp x; V \/jeij to polynomial equations

HJ;;'ij:O

i€P JEN

@ Doesn't affect degree (obviously), but can decrease size
exponentially [dRLNS21] (also for other algebraic proof systems)
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus and Grobner Bases
Cutting Planes and Pseudo-Boolean Solving

Polynomial Calculus [CEI96, ABRWO02]

Nullstellensatz again

Infeasibility of

pi(T1,. .., 7)) =0 i € [m]
x?—xj:0 Jj € [n]
zi+z;—1=0 j € nl

)

1 lies in polynomial ideal generated by these polynomials
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Calculus and Grobner Bases
g Planes and Pseudo-Boolean Solving

Polynomial Calculus [CEI96, ABRWO02]

Nullstellensatz again

Infeasibility of

pi(T1,. .., 7)) =0 i € [m]
x?—xj:0 Jj € [n]
zi+z;—1=0 j € nl

)

1 lies in polynomial ideal generated by these polynomials

@ Compute polynomials in this ideal Z step by step
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Polynomial Calculus [CEI96, ABRWO02]

Nullstellensatz again

Infeasibility of

pi(T1,. .., 7)) =0 i € [m]
x?—xj:0 Jj € [n]
zi+z;—1=0 j € nl

)

1 lies in polynomial ideal generated by these polynomials

@ Compute polynomials in this ideal Z step by step
op €T ai—xjeZ, and zj+a—1eZforallic[m] jcn

Jakob Nordstrém (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 32/53



Algebraic and Semi-algebraic Approaches lculus and Grébner Bases
Cutting Planes and Pseudo-Boolean Solving

Polynomial Calculus [CEI96, ABRWO02]

Nullstellensatz again

Infeasibility of

pi(T1,. .., 7)) =0 i € [m]
x?—xj:0 Jj € [n]
zi+z;—1=0 j € nl

)

1 lies in polynomial ideal generated by these polynomials

@ Compute polynomials in this ideal Z step by step
op €T ai—xjeZ, and zj+a—1eZforallic[m] jcn
o Ifpge X, thenap+ Bqg €L forany a,B €F
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Algebraic and Semi-algebraic Approaches lculus and Grébner Bases
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Polynomial Calculus [CEI96, ABRWO02]

Nullstellensatz again

Infeasibility of

pi(T1,. .., 7)) =0 i € [m]
x?—xj:0 Jj € [n]
zi+z;—1=0 j € nl

)

1 lies in polynomial ideal generated by these polynomials

@ Compute polynomials in this ideal Z step by step

op €T ai—xjeZ, and zj+a—1eZforallic[m] jcn
o Ifpge X, thenap+ Bqg €L forany a,B €F

o If peZ, then m-p € Z for any monomial m = Hj xj
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Polynomial Calculus Derivations and Refutations

@ A polynomial calculus derivation is a sequence of polynomials in
the ideal generated by p;, 25 — x;, and x; + 2, — 1

@ Derivation rules (from previous slide):
o Axioms p;, x? —xj, and z; + x; -1
e Linear combination p, ¢ = ap + SBq
e Monomial multiplication p = m - p

@ A refutation ends with the polynomial 1

e Complexity measures:
e Size: total number of monomials in all polynomials in sequence
expanded out
o Degree: highest total degree of any polynomial

@ Polynomial calculus (much) stronger than Nullstellensatz w.r.t.
both size and degree
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Polynomial Calculus Can Simulate Resolution

Polynomial calculus can always simulate resolution proofs efficiently
step by step

Jakob Nordstrom (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 34/53



Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus and Grobner Bases
Cutting Planes and Pseudo-Boolean Solving

Polynomial Calculus Can Simulate Resolution

Polynomial calculus can always simulate resolution proofs efficiently
step by step

Example: Resolution step

rVyVz yVvz

rVy
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Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus and Grobner Bases
Cutting Planes and Pseudo-Boolean Solving

Polynomial Calculus Can Simulate Resolution

Polynomial calculus can always simulate resolution proofs efficiently
step by step

Example: Resolution step
rVyVz yVvz
rVy

simulated by polynomial calculus derivation

yz z+2 —1
x'yz 'yz + 'y — 2y
'y —x'y2 + 2’y
'y
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Polynomial Calculus is Strictly Stronger than Resolution

Polynomial calculus can be exponentially stronger than resolution

For instance:
@ Tseitin formulas on expander graphs if F = GF(2)
@ Onto functional pigeonhole principle over any field [Rii93]
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Polynomial calculus can be exponentially stronger than resolution

For instance:
@ Tseitin formulas on expander graphs if F = GF(2)
@ Onto functional pigeonhole principle over any field [Rii93]

But other versions of pigeonhole principle formulas remain hard:
e ‘“vanilla” PHP [Raz98, AR03]
e onto PHP [ARO03]
e functional PHP [MN15]
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Polynomial Calculus is Strictly Stronger than Resolution

Polynomial calculus can be exponentially stronger than resolution
For instance:

@ Tseitin formulas on expander graphs if F = GF(2)
@ Onto functional pigeonhole principle over any field [Rii93]

But other versions of pigeonhole principle formulas remain hard:
e ‘“vanilla” PHP [Raz98, AR03]
e onto PHP [ARO03]
e functional PHP [MN15]

Other hard formulas:

@ Tseitin-like formulas for counting mod p if p # field
characteristic [BGIP01]
@ Random k-CNF formulas
o all characteristics except 2 [BI99]
o all characteristics [AR03]
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Grobner Bases: Admissible Orderings and Leading Terms

Admissible ordering < on monomials m,m/, t:
OQm=<m=tm=<t-m
QO m=<t-m

Examples:
@ Lexicographic

@ Degree-lexicographic
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Admissible ordering < on monomials m,m/, t:
OQm=<m=tm=<t-m
QO m=<t-m

Examples:
@ Lexicographic

@ Degree-lexicographic

Can write p = lt(p) + p’ for lt(p) leading term (largest w.r.t. <)
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Admissible ordering < on monomials m,m/, t:
9 M

OQm=<m=tm=<t-m
QO m=<t-m

Examples:
@ Lexicographic

@ Degree-lexicographic

Can write p = lt(p) + p’ for lt(p) leading term (largest w.r.t. <)

If 1t(p) =t - 1t(q), can reduce p mod ¢ by computing p — ¢ - ¢

“Multivariate division”: Reduce p modulo all ¢ in set of
polynomials G until no further reductions possible
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Grobner Bases: Buchberger's Algorithm

Buchberger's algorithm (very rou
@ Let G := all axioms
@ Pick unprocessed pair p,q € G or terminate if none exists
© Compute p’ =t,-p and ¢’ = t, - ¢ to make leading terms cancel

Q Set S:=p — ¢; reduce S mod G with multivariate division;
add result to G if non-zero

Q@ Goto?2
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Grobner Bases: Buchberger's Algorithm

Buchberger's algorithm (very rough)
@ Let G := all axioms

@ Pick unprocessed pair p,q € G or terminate if none exists
© Compute p’ =t,-p and ¢’ = t, - ¢ to make leading terms cancel

Q Set S:=p — ¢; reduce S mod G with multivariate division;
add result to G if non-zero

Q@ Goto?2

Computes so-called Grobner basis

Fact: At termination, 1 € G < polynomial equations infeasible
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Grobner bases: Some Problems and Questions

© Buchberger not a great SAT solving algorithm
Slow and memory-intensive, and computes too much info
Possible to use conflict-driven paradigm?!
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Grobner bases: Some Problems and Questions

© Buchberger not a great SAT solving algorithm
Slow and memory-intensive, and computes too much info
Possible to use conflict-driven paradigm?!

@ Dual variables increase reasoning power exponentially [dRLNS21]
But are immediately eliminated by multivariate division
Possible to design dual-variable-aware Buchberger?!
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Grobner bases: Some Problems and Questions

© Buchberger not a great SAT solving algorithm
Slow and memory-intensive, and computes too much info
Possible to use conflict-driven paradigm?!

@ Dual variables increase reasoning power exponentially [dRLNS21]
But are immediately eliminated by multivariate division
Possible to design dual-variable-aware Buchberger?!

© Analysis of polynomial calculus uses degree-lexicographic ordering

In computational algebra, many other orderings used
Prove proof complexity separation results for different orderings?
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What About Algebraic SAT Solvers?

@ Excitement about Grébner basis approach after [CEI96]
@ Promise of performance improvement failed to deliver

@ Meanwhile: the CDCL revolution in late 1990s. . .
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@ Excitement about Grébner basis approach after [CEI96]

Promise of performance improvement failed to deliver

Meanwhile: the CDCL revolution in late 1990s. ..

@ Some current SAT solvers do Gaussian elimination, but this is
only very limited form of polynomial calculus

@ Is it harder to build good algebraic SAT solvers, or is it just that
too little work has been done (or both)?
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@ Excitement about Grébner basis approach after [CEI96]

@ Promise of performance improvement failed to deliver
@ Meanwhile: the CDCL revolution in late 1990s. . .

@ Some current SAT solvers do Gaussian elimination, but this is
only very limited form of polynomial calculus

@ Is it harder to build good algebraic SAT solvers, or is it just that
too little work has been done (or both)?

@ But very successful work on circuit verification
in [KFB20, KB20, KBK20a, KBK20b, KB21, KBBN22]
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SAT as System of 0-1 Integer Linear Inequalities

e Given CNF formula F = A", C;
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SAT as System of 0-1 Integer Linear Inequalities

e Given CNF formula F = A", C;

C:\/.%i\/\/fj

ieP JEN

@ Translate clauses

to 0-1 integer linear inequalities

Zl‘i—l-Z(l—xj) >1

i€P JEN
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SAT as System of 0-1 Integer Linear Inequalities

e Given CNF formula F = A", C;

C:\/.%i\/\/fj

ieP JEN

@ Translate clauses

to 0-1 integer linear inequalities

Zl‘i—l-Z(l—xj) >1

icP JEN
@ Add variable axioms
in Z 0
—l'j Z -1

for all variables
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Cutting Planes Proof System [CCT87]

Cutting planes introduced in [CCT87] to model integer linear
programming algorithm in [Gom63, Chv73]

Can be applied to any system of 0-1 integer linear inequalities
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Cutting Planes Proof System [CCT87]

Cutting planes introduced in [CCT87] to model integer linear
programming algorithm in [Gom63, Chv73]

Can be applied to any system of 0-1 integer linear inequalities

Cutting planes derivation rules

Multiplication 2= %% Z A . o+
ca;x; > cA
Addition %% 24 Y bwmi 2 B
> (ai+bj)x; > A+ B
Division L g = A ce Nt

Sax; > [A/c]
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Cutting Planes Derivations and Refutations

@ A cutting planes derivation is a sequence of 0-1 integer linear
inequalities derived from

Axioms (clauses and variable bounds)

Multiplication " a;z; > A= > cax; > cA

Division > ca;x; > A= > ax; > [A/c]

o A refutation ends with the inequality 0 > 1

@ Complexity measures:
e Length: # inequalities
e Size: Count also bit size of representing all coefficients
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Cutting Planes vs. Resolution

@ Cutting planes can simulate resolution reasoning efficiently and
can be exponentially stronger
(e.g., for PHP, just count and argue that #pigeons > #holes)
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Algebraic and Semi-algebraic Approaches

Cutting Planes vs. Resolution

Nullstellensatz
Polynomial Calculus and Grobner Bases
Cutting Planes and Pseudo-Boolean Solving

@ Cutting planes can simulate resolution reasoning efficiently and

can be exponentially stronger

(e.g., for PHP, just count and argue that #pigeons > #holes)

@ And 0-1 linear inequalities are similar to but much more concise

than CNF

Compare

1+ a2+ 3+ x4+ 25 +26 >3

and

1 Ve VsV Ty

ANx1 VX2 VsV xs

AN(x1VxaV sV xg

( ) A( ) A( )
( ) A( )A( )
ANz1VasVaaVas)A(xiVaesVaeaVas) Az Ve VsV aes)
( ) A( )A( )
( ) A( )A( )

N(x2 V23V x5V Tg

x1 VeV arsVrs

1 VIV eV e

x2 VI3V IeV s

IE2V$4VIE5V:II6

x1Vxe VsV xg

x1 Ve VsV xg

x2 V3V ayV s

x3VxaeV x5V T
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Algebraic and Semi-algebraic Approaches Polynomial Calculus and Grobner
Cutting Planes and Pseudo-Boole:

Hard Formulas for Cutting Planes

Clique-colouring formulas [Pud97]
“A graph with an m-clique is not (m — 1)-colourable”
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Hard Formulas for Cutting Planes

Clique-colouring formulas [Pud97]
“A graph with an m-clique is not (m — 1)-colourable”
Variables

@ p; j indicators of the edges in graph; 1 <i < j <n

® qi,; identify members of m-clique; 1 <k <m,1<i<n

@ 7;¢ specify colouring of vertices; 1 </<m—1,1<i<n
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Hard Formulas for Cutting Planes

Clique-colouring formulas [Pud97]

“A graph with an m-clique is not (m — 1)-colourable”

Variables
@ p; j indicators of the edges in graph; 1 <i < j <n
® qi,; identify members of m-clique; 1 <k <m,1<i<n
@ 7;¢ specify colouring of vertices; 1 </<m—1,1<i<n

Gk, 1V qe2 VoV Qe some vertex is the kth member of clique
Qi V iy clique members are uniquely defined (k # k:')
Pii Vg V Qi clique members are connected by edges

ri1tVrigVe -V rim_1 every vertex ¢ has a colour

Dij VTie VT neighbours have distinct colours
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More Hard Formulas for Cutting Planes?

Lower bound for clique-colouring formulas uses interpolation and
circuit complexity

@ From small cutting planes proof, build small circuit of special
type that can decide whether graph has clique

@ Prove separately that no such small circuits can exist

@ Hence, no small cutting planes proofs can exist either
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More Hard Formulas for Cutting Planes?

Lower bound for clique-colouring formulas uses interpolation and
circuit complexity

@ From small cutting planes proof, build small circuit of special
type that can decide whether graph has clique

@ Prove separately that no such small circuits can exist

@ Hence, no small cutting planes proofs can exist either

Cutting planes not well understood at all
Clear need for development of new analysis methods
Some exciting contributions in [HP17, FPPR22, GGKS20]
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More Hard Formulas for Cutting Planes?

Lower bound for clique-colouring formulas uses interpolation and
circuit complexity

@ From small cutting planes proof, build small circuit of special
type that can decide whether graph has clique

@ Prove separately that no such small circuits can exist

@ Hence, no small cutting planes proofs can exist either

Cutting planes not well understood at all
Clear need for development of new analysis methods
Some exciting contributions in [HP17, FPPR22, GGKS20]

Surprisingly, Tseitin formulas are at most quasi-polynomially hard for
cutting planes [DT20]!
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SAT Solvers Based on Cutting Planes?

So-called pseudo-Boolean (PB) solvers using (subset of) cutting
planes reasoning developed in, e.g., [CK05, SS06, LP10, EN18]

Perhaps counter-intuitively, hard to make competitive with CDCL

Jakob Nordstrom (UCPH & LU) Proof Complexity and SAT Solving Oct 10, 2022 46/53



Nullstellensatz
Algebraic and Semi-algebraic Approaches Polynomial Calculus and Grobner Bases

Cutting Planes and Pseudo-Boolean Solving

SAT Solvers Based on Cutting Planes?

So-called pseudo-Boolean (PB) solvers using (subset of) cutting
planes reasoning developed in, e.g., [CK05, SS06, LP10, EN18]

Perhaps counter-intuitively, hard to make competitive with CDCL

Challenge 1: Conjunctive normal form
@ Pseudo-Boolean solvers terrible for CNF input
@ Solvers can rewrite CNF to more helpful 0-1 linear inequalities
[BLLM14, EN20], but this doesn't work so well in practice
@ Better to encode problem with 0-1 inequalities from the start
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SAT Solvers Based on Cutting Planes?

So-called pseudo-Boolean (PB) solvers using (subset of) cutting
planes reasoning developed in, e.g., [CK05, SS06, LP10, EN18]

Perhaps counter-intuitively, hard to make competitive with CDCL

Challenge 1: Conjunctive normal form
@ Pseudo-Boolean solvers terrible for CNF input
@ Solvers can rewrite CNF to more helpful 0-1 linear inequalities
[BLLM14, EN20], but this doesn't work so well in practice
@ Better to encode problem with 0-1 inequalities from the start

Challenge 2: Increased degrees of freedom(!?)
o Cutting planes much smarter method of reasoning
@ But this makes it trickier to design smart search algorithms
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SAT Solvers Based on Cutting Planes?

So-called pseudo-Boolean (PB) solvers using (subset of) cutting
planes reasoning developed in, e.g., [CK05, SS06, LP10, EN18]

Perhaps counter-intuitively, hard to make competitive with CDCL

Challenge 1: Conjunctive normal form
@ Pseudo-Boolean solvers terrible for CNF input
@ Solvers can rewrite CNF to more helpful 0-1 linear inequalities
[BLLM14, EN20], but this doesn't work so well in practice
@ Better to encode problem with 0-1 inequalities from the start

Challenge 2: Increased degrees of freedom(!?)
o Cutting planes much smarter method of reasoning
@ But this makes it trickier to design smart search algorithms

Is it truly harder to build good pseudo-Boolean solvers?
Or has just so much more work has been put into CDCL solvers?
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Sherali-Adams and Sums of Squares
Stabbi )
Some Proof Systems We Won't Have Time for Extended R

Sherali-Adams (SA) and Sums of Squares (SoS)

Refutation of p; € R[x1,...,zy,], i € [m], and :1:? —xj, j € [n]

Nulistellensatz

m n
DG pit ) i (] — ) =1
i=1 j=1
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Sherali-Adams (SA) and Sums of Squares (SoS)

Refutation of p; € R[x1,...,zy,], i € [m], and :1:? —xj, j € [n]
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Sherali-Adams (SA) and Sums of Squares (SoS)

Refutation of p; € R[x1,...,zy,], i € [m], and :1:? —xj, j € [n]

Nulistellensatz
m n
D g pit Y (@) —ag) =1
i=1 j=1

Sherali-Adams (SA) (aj € RT)
m n t
Zqi'pi+27“j-(x§—xj)+2ak (1—xi)-ij:—1
i=1 j=1 -

k=1 i€P: JEN:
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Sheral'-Adams and Sums of Squares

Some Proof Systems We Won't Have Time for Exten ution

Sherali-Adams (SA) and Sums of Squares (SoS)

Refutation of p; € R[x1,...,zy,], i € [m], and :1:? —xj, j € [n]

Nullstellensatz
m n
D g pit Y (@) —ag) =1
i=1 j=1

Sherali-Adams (SA) (aj € RT)

m n t
ZQi'pi'i‘ZTj'(l‘? +ZakH 1 —x;)- ij
i=1 j=1 k=1

1€P: JEN:
Sums of squares (SoS) (sk € Rlzy,..., n])
Z% pﬁZ?‘J @ =)+ 3 sk = -1
k=1
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Stabbir
Some Proof Systems We Won't Have Time for

SA, SoS, and Other Proof Systems

Sherali-Adams models linear programming (LP) hierarchies

Sums of squares models semidefinite programming (SDP) hierarchies
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Sherali-Adams and Sums of Squares
Stabbir
Some Proof Systems We Won't Have Time for Extended

SA, SoS, and Other Proof Systems

Sherali-Adams models linear programming (LP) hierarchies
Sums of squares models semidefinite programming (SDP) hierarchies

Strict hierarchy (over R):
@ Nullstellensatz
@ Sherali-Adams
@ Sums of squares

Sums of squares is strictly stronger than polynomial calculus (over R)
while Sherali-Adams and polynomial calculus are incomparable [Ber18]
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Stabk
Some Proof Systems We Won't Have Time for Exten

SA, SoS, and Other Proof Systems

Sherali-Adams models linear programming (LP) hierarchies
Sums of squares models semidefinite programming (SDP) hierarchies

Strict hierarchy (over R):
@ Nullstellensatz
@ Sherali-Adams

@ Sums of squares

Sums of squares is strictly stronger than polynomial calculus (over R)
while Sherali-Adams and polynomial calculus are incomparable [Ber18]

Sums of squares very strong proof system, except it cannot do parity
reasoning efficiently [GV01, Gri01]

Survey [FKP19] is recommended for more reading
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Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming
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Sherali-Adams and Sums of Squares
Stabbing Planes
Some Proof Systems We Won't Have Time for Extended Resolution

Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming

Stabbing planes refutation of set of 0-1 integer linear inequalities S

@ If polytope S is empty over R, terminate this branch
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Some Proof Systems We Won't Have Time for Extended Resolution

Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming

Stabbing planes refutation of set of 0-1 integer linear inequalities S

@ If polytope S is empty over R, terminate this branch
@ Otherwise, pick new inequality ). a;¢; > A to branch on
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Some Proof Systems We Won't Have Time for Extended Resc

Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming

Stabbing planes refutation of set of 0-1 integer linear inequalities S

@ If polytope S is empty over R, terminate this branch
@ Otherwise, pick new inequality ). a;¢; > A to branch on
© Recurse with S :=SU{}, a;l; > A}
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Some Proof Systems We Won't Have Time for Exten Resolution

Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming

Stabbing planes refutation of set of 0-1 integer linear inequalities S

@ If polytope S is empty over R, terminate this branch

@ Otherwise, pick new inequality ). a;¢; > A to branch on
© Recurse with S :=SU{}, a;l; > A}

Q@ Recurse with S:=SU{>;a:l; < A—1}
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Stabbi lanes
Some Proof Systems We Won't Have Time for Exten Resolution

Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming

Stabbing planes refutation of set of 0-1 integer linear inequalities S

@ If polytope S is empty over R, terminate this branch

@ Otherwise, pick new inequality ). a;¢; > A to branch on
© Recurse with S :=SU{}, a;l; > A}

Q@ Recurse with S:=SU{>;a:l; < A—1}

Complexity measures:
@ Length: # branching nodes / sets S
@ Size: Count also bit size of representing all coefficients
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Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming

Stabbing planes refutation of set of 0-1 integer linear inequalities S

@ If polytope S is empty over R, terminate this branch

@ Otherwise, pick new inequality ). a;¢; > A to branch on
© Recurse with S :=SU{}, a;l; > A}

Q@ Recurse with S:=SU{>;a:l; < A—1}

Complexity measures:
@ Length: # branching nodes / sets S
@ Size: Count also bit size of representing all coefficients

Cutting planes is simulated efficiently by stabbing planes [BFIT18]
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Sherali-Adams and Sums of Squares

Stabbin,

Some Proof Systems We Won't Have Time for

Stabbing Planes [BFI*18|

Intended to model modern 0-1 integer linear programming

Stabbing planes refutation of set of 0-1 integer linear inequalities S

@ If polytope S is empty over R, terminate this branch

@ Otherwise, pick new inequality ). a;¢; > A to branch on
© Recurse with S :=SU{}, a;l; > A}

Q@ Recurse with S:=SU{>;a:l; < A—1}

Complexity measures:
@ Length: # branching nodes / sets S
@ Size: Count also bit size of representing all coefficients

Cutting planes is simulated efficiently by stabbing planes [BFIT18]

Stabbing planes with polynomial-size coefficient can be simulated by
cutting planes with quasi-polynomial overhead [DT20, FGIT21]
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ms and Sums of Squares

Some Proof Systems We Won't Have Time for Extended Resolution

Extended Resolution [Tse68]

Resolution rule
CiVvzx CoVvz

ChV Oy

Extension rule introducing clauses
avVzTVy aVzx aVy

for fresh variable a (encoding that a <> (z A y) must hold)
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Sherali-Adams and Sums of Squares
Stabbing Planes
Some Proof Systems We Won't Have Time for Extended Resolution

Extended Resolution and SAT Solving

o Closely related (and equivalent) to DRAT proof system used to
justify correctness of some preprocessing techniques [JHB12]

@ DRAT also used for SAT solver proof logging

@ Attempts to combine extended resolution with CDCL in, e.g.,
[AKS10, Hual0]

@ Without restrictions, corresponds to extremely strong extended
Frege system [CR79] — pretty much no lower bounds known

@ To analyse solvers using extended resolution, would need to:

o Describe heuristics/rules actually used
e See if possible to reason about such restricted proof system
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Some More References for Further Reading

Handbook of Satisfiability Proof Complexity
(Especially chapter 7 ©) by Jan Krajitek

HANDBOOK

oo of satisfiability

Encyclopedia of Mathematics and Its Applications 170

PROOF
COMPLEXITY

[BHVMW21]
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Summing up This Presentation

Overview of some proof systems used in combinatorial solving:
@ Resolution <— DPLL and CDCL
@ Nullstellensatz and polynomial calculus «— Grobner bases
o Cutting planes +— pseudo-Boolean solving
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Proof complexity can
@ Help analyse state-of-the-art algorithms
@ Give ideas for new approaches
@ Be a fun playground for theory-practice interaction!
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Summing up This Presentation

Overview of some proof systems used in combinatorial solving:
@ Resolution <— DPLL and CDCL
@ Nullstellensatz and polynomial calculus «— Grobner bases
o Cutting planes +— pseudo-Boolean solving

Very brief discussion of some other proof systems:
@ Sherali-Adams

Sums of squares

Stabbing planes

Extended resolution

Proof complexity can
@ Help analyse state-of-the-art algorithms
@ Give ideas for new approaches
@ Be a fun playground for theory-practice interaction!

Thank you for your attention!
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